Entropy is a fundamental thermodynamic quantity that is a measure of the accessible microstates available to a macroscopic system. Quantitative measurements of entropy change using calorimetry are predominantly macroscopic, with direct atomic scale measurements being exceedingly rare. Here for the rst time, we experimentally quantify polar con gurational entropy (in meV/K) using sub-ångström resolution aberration corrected scanning transmission electron microscopy. This is performed in a single crystal of the prototypical ferroelectric LiNbO 3 through the quanti cation of the niobium and oxygen atom column deviations from their paraelectric positions with a precision of ≈ 2 pm. Combined with rst principles theory plus mean eld e ective Hamiltonian methods, we demonstrate that the intrinsic entropic contribution dominates the experimentally measured entropy. Signi cant excursions of the polarization away from its symmetry constrained direction is seen in single domain regions which increases in the proximity of domain walls. Excellent agreement between our experimentally measured and theoretically predicted entropy values is observed. This study presents a powerful tool to quantify absolute entropy on the atomic scale and demonstrates its dominant role in local symmetry breaking at nite temperatures in classic, nominally Ising ferroelectrics.
I. INTRODUCTION
While absolute entropy, a fundamental thermodynamic parameter, is di cult to experimentally measure macroscopically, a change in entropy (ΔS = ΔQrev /T), is usually measured using calorimetry, where ΔQ rev is the reversible heat supplied to the system at a constant temperature T [1, 2] . At absolute zero (T = 0K), the total entropy of a perfect crystal free of dopants is zero [3] . Upon addition of reversible heat to the system, the entropy increases. Directly measuring the absolute entropy of the system through characterizing the microscopic con gurations, or the microstates, is challenging. For example, even for a mole of matter consisting of Avogadro's number of molecules N ≈ 6 × 10 23 , the total possible number of equiprobable microstates at equillibrium, W ≈ e N is larger than the number of atoms in the observable universe [4] . Such enormously large numbers of microstates are also involved in condensed matter systems where a dopant atom may choose any one of equivalent atomic sites in a periodic lattice. Modern microscopy techniques such as scanning transmission electron microscopy(STEM) and scanning tunneling microscopy (STM) are able to directly image microstates on an unprecedented length scale with precision approaching a single picometer [5] [6] [7] . However, converting these images into quantitative measures of entropy (in meV/K) is exceedingly rare, for example, as in a recent example of nding con gurational entropy in a single molecule of dibutyl sul de (with 27 atoms in the formulae unit) using STM [8] . In condensed matter, we know of no other examples where atomic resolution * alem@matse.psu.edu microscopy, and in particular STEM has been used to quantify entropy.
In this study, we probe a single crystal of ferroelectric LiNbO 3 , a well-known optical ferroelectric, to measure the polar entropy using aberration-corrected (AC) STEM [9] . Ferroelectric materials have a spontaneous and switchable electrical polarization, which is a consequence of the lattice distortions in the crystal structure that break inversion symmetry [10] [11] [12] . Regions of uniform polarization are called domains, with the boundary between two adjacent domains called a domain wall [13] [14] [15] [16] . Since the ferroelectric polarization is a consequence of crystal distortions, the possible polar vectors can occur only along certain symmetry allowed crystallographic directions. As a uniaxial displacive ferroelectric (space group R3c), the origin of the spontaneous polarization in LiNbO 3 is a consequence of the niobium and lithium cation displacements with respect to the oxygen octahedral center along either the (0001) or the 0001 crystallographic axes, and thus the polarization vectors are restricted to only ⟨0001⟩ direction (also labeled as z-or 3-direction) [9, [17] [18] [19] [20] . Classical uniaxial ferroelectrics such as LiNbO 3 have been long thought of as Ising like, since lattice distortions away from the symmetry restricted polarization directions has a high energy cost associated with them [10, 14] . However, recent research have pointed out that uctuations away from the Ising polarization direction do exist in ferroelectrics, with Bloch and Néel components arising at domain walls, which were predicted and also experimentally detected [21] [22] [23] [24] .
In this work, however, we show using rst principles theory plus mean eld e ective Hamiltonian methods that nonIsing polar uctuations are intrinsic to ferroelectric LiNbO 3 at nite temperatures, and that they exist even in a homoge-neous lattice with no domain walls. Using ultrahigh resolution AC-STEM, we experimentally quantify this uctuation generated entropy on the atomic scale for the rst time by determining the Nb and O positions with a precision approaching ≈ 2pm. The precise composition of the chosen crystal is Li 0.95 Nb 1.01 O 3 (also referred to as the congruent composition or CLN where crystal growth is easy to perform) [25] [26] [27] [28] [29] . This o -stoichiometry leads to the presence of Li vacancies and Nb Li antisites that will contribute to extrinsic polar entropy. We estimate the structural energy and intrinsic entropy of stoichiometric LiNbO 3 through theory, and by comparison with the experimental measurement of the polar entropy, demonstrate that even inside a bulk domain in the congruent composition intrinsic entropy is dominant (>80% of the total measured entropy). We observe that the extrinsic entropy contribution increasing by ≈ 25% as we get closer to the domain walls, but still not the predominant contribution. The entropy manifests itself as symmetry uctuations of the polarization perpendicular to the ⟨0001⟩ polar axis, leading to local nonIsing behavior. It is shown that entropic decrease in overall energy dominates any increase in electrostatic energy due to these non-Ising uctuations. The study thus presents an absolute measurement of polar entropy, its spatial mapping with atomic scale resolution, and insights in terms of local symmetry breaking.
II. EXPERIMENTAL SETUP
We used ultra high resolution scanning transmission electron microscopy to image the oxygen and niobium atom columns to determine the polarization metrology through quanti cation of both the niobium and oxygen atom positions. To visualize the atom positions, at the 180 • domain wall and also at the bulk domain, we imaged the electron transparent LiNbO 3 sample from the 1100 crystallographic zone axis which enables the displacements to lie in plane, with the sample preparation details expanded in detail in section IV A. While both bright eld (BF) and annular dark eld (ADF) STEM images were acquired ( Figure 1a and Figure 1b) , we exclusively use BF-STEM images for the quanti cation of polar displacements since both the niobium and oxygen atom positions and their relative displacements can be quanti ed. This technique has been previously demonstrated as a viable pathway for the determination of the cation and oxygen atom positions simultaneously [30, 31] , and is less susceptible to specimen tilt and defocus in comparison to annular bright eld (ABF)-STEM [32, 33] . The total polar displacements are calculated on a unit cell basis, with respect to a mean unit cell calculated from the entire image ( Figure 1c) . As demonstrated in Figure 1d , displacements along ⟨0001⟩ are the Ising displacements, while those along ⟨ 1120 ⟩ are the Néel displacements. From a symmetry perspective, since LiNbO 3 is a uniaxial ferroelectric, the only polar niobium-oxygen displacements in bulk domain may be expected to be Ising.
After imaging the atom columns, we used customdeveloped MATLAB scripts to re ne the positions for subpixel precision displacement metrology. To perform the renement, we started by locating the highest intensity spots as a rst pass to estimate atom positions in ADF-STEM and inverted contrast BF-STEM images. We performed subsequent re nement by tting a multi-peak two-dimensional Gaussian to the observed atom intensity distribution to get the atom positions with a precision approaching ≈ 2pm [34] . To determine the polar displacements, we rst assigned the re ned atom positions to their corresponding LiNbO 3 unit cell values, and then generated an average unit cell by summing all the individual unit cells throughout the BF-STEM image (Figure 1d) . The dimensions of this calculated average unit cell (Figure 1d) closely matches with the reported structure of LiNbO 3 [35, 36] , indicating the high degree of precision of the obtained BF-STEM images. The oxygen and niobium centers of mass for each individual unit cell ( Figure 1e ) were subsequently compared to the center of the calculated average unit cell to determine the polar displacements for both niobium and oxygen atoms. The relative Nb-O polar displacement vectors were then measured by subtracting the oxygen displacement vector from the niobium displacement vector in each unit cell. Thus, the average unit cell that we used for the individual niobium and oxygen displacements acts as the basis, and since a common basis is used for both the atom positions, the nal relative displacement is independent of the choice of the reference. Using this procedure, we thus successfully calculated a polar vector for each unit cell in a BF-STEM image (Figure 1e ), which was subsequently decomposed into its corresponding Ising and Néel components along the ⟨0001⟩ and ⟨ 1120 ⟩ directions respectively.
III. RESULTS AND DISCUSSIONS
To visualize the spatial evolution of the niobium-oxygen polar displacements, we applied our displacement metrology as detailed in section II to a section of the 180 • domain wall, with Figure 2a demonstrating the corresponding BF-STEM image, where the scaled Ising displacements are overlaid. The blue regions refer to Ising displacements along 0001 axis, while the red regions indicate the Ising displacements along the [0001] direction. The 180 • nature of the wall and the domain reversal across only one to two unit cells could be immediately ascertained, with the non-ideal behavior of the wall being apparent through the presence of local kinks and bends. The canonical polarization transitions to zero at the wall, with the wall width being approximately one to two unit cells, similar to the previously observed polarization behavior of niobium atoms across the 180 • wall [37] . Plotting the individual Ising displacements, we observe that the displacements across the domain wall are associated with simultaneous motion of both the niobium and the oxygen centers.
The domain wall and its vicinity are also characterized by regions of Néel displacements, i.e. polar displacements perpendicular to the wall, with parts of the wall featuring higher Néel intensities compared to the neighboring domain (Figure 2b ). In contrast to the Ising displacements, which are driven by the cooperative motion of oxygen and niobium atoms across the domain wall, the Néel displacements are however primarily driven by the niobium atoms reaching a maxima in magnitude at the wall.
From the Ising and Néel displacements which we map in Figure 2a and Figure 2b respectively, it is obvious that contrary to the classical expectation of a pure Ising wall, non-Ising displacements do in fact occur. To visualize their combined e ect, we calculated the curl of the polar niobium-oxygen displacement vector ∇ × ⃗ u Nb−O , which is plotted in Figure 2c . The magnitude of the curl increases at the wall, indicating clockwise rotation of the polar Niobium-Oxygen displacement vector at the wall. The Néel displacements however at the domain wall have a directional preference, which may be due to the higher electrostatic energy needed for head-to-head or tail-to-tail con gurations arising from bidirectional Néel displacements. Figure 2d shows the statistical averages of the total Ising and Néel polar displacements along the ⟨0001⟩ direction. We observe that the classical Ising displacement pro le with a magnitude reversal of approximately 55pm, matching closely with theoretical predictions [9, 19] . Conversely, the wall is also associated with approximately 10pm of Néel displacements, centered at the wall. Such non-Ising displacements have been predicted before, though one may not expect them in a hard uniaxial ferroelectric [15, 18, 38] . Previous experimental observations of the polarization vector deviating from the bulk polar axis have been observed in PbTiO 3 ,LiTaO 3 and PbZr x Ti 1-x O 3 , but not in LiNbO 3 [5, 23, 39] .
To understand the origin of the polar instability leading to the non-Ising components, we performed DFT calculations of phonons in the high symmetry phase of LiNbO 3 . In agreement with previous calculations we observed three unstable modes at the Γ point -A 2u and E u polar modes with polarization parallel and perpendicular to the [0001] direction respectively and the A 2g Raman mode (see Table II ) [17] . The polar A 2u mode has a signi cant overlap with the vector representing the atomic displacements during the phase transition and therefore describes the displacement pattern responsible for the Ising macroscopic polarization of the ground state ferroelectric phase of LiNbO 3 .
Moreover, we observe that the polar displacements along the Néel/Bloch direction (associated with the doubly degenerate E u mode), are unstable and the system can thus lower its energy with polar displacements perpendicular to the [0001] Ising direction. This can explain our experimental results, i.e. the presence of Néel and Bloch polarization directions at the domain wall where the Ising polarization amplitude is strongly reduced along the Ising direction. Besides that, within a bulk ferroelectric domain, the E u mode instability is suppressed by the A 2u mode condensation and the associated strain relaxation, however the energy landscape is still su ciently shallow to allow deviations of local dipole directions from the Ising ⟨0001⟩ axis. Thus while the A 2u mode is the dominant mode driving ferroelectricity, the instability from the E u modes makes it energetically favorable for the non-Ising uctuations to arise from the ideal LiNbO 3 polar con guration, thus increasing disorder in the system. The resultant energy landscape related to the displacements of atoms strictly perpendicular to the ⟨0001⟩ Ising axis (E u mode) complies with SU(1) unitary group rotation symmetry resulting in the famous Goldstone sombrero potential shape with zero Ising component ( Figure 3a) . The suppression of the Ising displacements in the ⟨0001⟩ direction thus leads to a spontaneous symmetry breakdown giving rise to the perpendicular Néel and Bloch components, with the radial magnitude of the perpendicular components reaching an energy minima at 8pm displacement ( Figure 3b ). We also note that the experimentally observed Néel magnitudes of approximately 10pm at the domain wall ( Figure 2d ) are close to the theoretically predicted displacement magnitude at the energy minima. Note however that these experiments cannot quantify the predicted Bloch displacements, because transmission electron microscopy probes a two-dimensional projection of columns of atoms, and Bloch displacements would be parallel to the atomic columns. Thus it was not possible to determine whether the magnitude of the non-Ising polar components stayed constant (massless Goldstone modes) or varied across the domain boundary (massive Higgs modes) [40, 41] .
Extending our calculations to the bulk domain, we observe that even in a mono-domain region, the shallow E u mode permits uctuations in the non-Ising polar components. This is shown in Figure 3c where rather than the displacements being clustered at the canonical Ising value, there is a spread in displacement magnitudes in both the Néel and the Bloch directions. Thus, our theoretical calculations demonstrate that disorder is intrinsic to LiNbO 3 and is not just con ned to the domain wall vicinity.
Experimental quanti cation of these probabilities ( ) of polar displacements along the Ising and Néel displacement orientations in the bulk domain (representative image shown in Figure 4a ) is shown in Figure 4b , with the quanti cation of probability detailed in the section IV F. Even though the displacements do not correspond to one single Ising value and are associated with a spread in Ising and Néel magnitudes, the most probable displacement con guration matches closely with bulk domain values of 20 pm of Ising displacements and ≈ 0 pm of Néel displacements. This measured probability distribution is subsequently used to calculate the entropy contribution as a function of the possible Ising and Néel states and compare them with the theoretical predictions. Figure 4c demonstrates the theoretical and experimental contributions to entropy as a function of Ising displacement con gurations in brown and blue respectively, with the total probability from the possible Ising con gurations being the sum of the contributions of the individual Ising states. Both rst principles calculations and experiments demonstrate that intrinsic entropy originating from a spread in displacement con gurations is present even in the bulk domain.
This picture is repeated even when measuring the entropy arising as a consequence of a spread of Néel displacement probabilities, as shown in Figure 4d associated with the Néel component is 0.4meV/K from experiments, while the theory predicts an intrinsic value of 0.33meV/k, which is 82.5% of the experimental value. Thus clearly, the intrinsic entropy contribution dominates the overall Néel entropy in the bulk, and a small fraction ( 17.5%) arises likely from extrinsic e ects such as point defects in the congruent composition. The integrated Ising entropy (calculated by integrating the curves in panel Figure 4c as described in section IV F) are 0.43meV/K (experiments) and 0.19 meV/K (theory), indicating a larger contribution to the Ising entropy from the extrinsic defects in the crystal -in other words, the defects appear to create a larger spread in the values of the Ising polarization than in the Néel polarization in a bulk crystal region.
This picture changes signi cantly in the vicinity of the domain wall (de ned here as ≈ ±10nm across the wall -with the STEM image of the representative section shown in Figure 5a) , whose probability distribution is plotted in Figure 5b . As expected, we observe a bimodal distribution of the proba- ble polar states in the vicinity of the wall, with a signi cantly more di use probability distribution as compared to the probabilities measured in Figure 4b . Both the integrated experimental (0.57meV/K contribution from Néel uctuations and 0.51meV/K contribution from Ising uctuations) and theoretical intrinsic entropy (0.38 meV/K of Néel and 0.42 meV/K Ising respectively) contributions shown in Figure 5c and Figure 5d increase in the vicinity of the domain wall as compared to the bulk domain, with the measured entropy in the vicinity of the wall being approximately 25% higher than the bulk domain entropy far away from the wall. It thus indicates that both the intrinsic entropy present from symmetry uctuations inside the domain and the extrinsic domain wall contribution drive the total entropy at the wall.
This extrinsic increase in entropy can be understood as a consequence of the spread in the Ising displacement mag-nitudes. As we approach the domain wall, the Ising displacements become progressively smaller, re ected in the BF-STEM measurements (Figure 2a ) and the increased probability of Ising states with zero displacement (Figure 5c ), which are absent in the bulk domain (Figure 4c) . The E u mode instability, which was suppressed in the bulk domain, now leads to a spontaneous symmetry breakdown, leading to an increase in the possible Néel states (Figure 5d ). It is also instructive to note that the Néel displacement probability assumes its maxima at approximately 10pm, extremely close to the energy minima at 8pm predicted by simulations (Figure 3b) . It is this spontaneous symmetry breaking that is thus driving the Néel displacement at the domain wall.
The observation of non-Ising displacements at the domain wall, can have a signi cant contribution to the electrostatic potential energy [15, 16, 31, [42] [43] [44] . To further understand the contribution of the electrostatic potential energy in the system, we experimentally quanti ed the charge accumulation at both the bulk domain and in the vicinity of the domain wall (detailed in section IV G). The electrostatic potential energy contribution in the vicinity of the domain wall was measured to be approximately 0.45meV, and approximately 0.37meV in the bulk domain. The thermodynamic free energy, given by the famous Gibbs's relationship (Δ = Δ − Δ ), where is the temperature, is the entropy, is the enthalpy and is the free energy, determines the stability of a closed system. Using the experimentally calculated entropy values from Figure 4c and Figure 4d , the − Δ at 300 K is -152meV at the bulk domain. The − Δ decreases further to -298meV at 300K for the domain wall (Figure 5c and Figure 5d ). Thus, while electrostatic energy increases in the system, the total free energy decreases as a result of increased entropy, demonstrating it is entropy rather than electrostatics, which dominates the nonIsing polarization rotations in LiNbO 3 .
While experimental observations cannot capture the Bloch contribution to the entropy, it is interesting to note the similarity in magnitude of the theoretically predicted and experimentally measured entropy contributions. In fact, experimental measurements should be higher due to temperature uctuations and point defects, vacancies, and interstitials that cannot be e ectively captured in a rst principles model. In spite of such deviations from the ideal structure, theoretical predictions consistently predict higher entropy at the domain walls and the entropy values of 75-80% of the measured experimental entropy, indicating that the observed polar disorder is predominantly intrinsic to LiNbO 3 .
IV. CONCLUSIONS
Our results presented here are the rst known experimental quanti cation of absolute con gurational entropy from atomic resolution position metrology. The advent of aberration correction has now enabled the quantitative picometer precision imaging and metrtology of atom positions -which allows the direct visualization of disorder in a system. While con gurational entropy has shown to be driving the properties of ferroelectrics, this is the rst direct measurement in a system [45, 46] . Based on our results, an intriguing picture of a classic, nominally Ising ferroelectric emerges from our experimental STEM imaging and theoretical DFT calculations. At the domain walls, we observe non-Ising Néel displacements that are thermodynamically stabilized from the corresponding increase in entropy. Non-Ising displacements and uctuations occur throughout the bulk domain and the domain walls due to the intrinsic polar entropy. The magnitude of this polar entropy is increased at the domain wall according to both the theoretical and experimental calculations.
Our study reveals a classical single crystal Ising ferroelectric, hiding considerable local intrinsic entropy that is present even in the bulk domain. This is despite LiNbO 3 having only a single symmetry allowed net polarization direction, large coercive elds for domain reversal, and a high Curie temperature indicating its stability at room temperature [18, 38, 47, 48] . This entropy is enabled by the shallow E u mode thermodynamic landscape, where the polar uctuations are stabilized by the increase in disorder. At the domain wall, however, the presence of symmetry breaking from the wall itself leads to an increase in the entropy. Along with that, as the Ising displacement gets suppressed in the vicinity of the wall, the E u mode instability dominates leading to energetically favorable Néel and Bloch displacements.
Our results also hint at a probable reason why entropy calculations in ferroelectrics remain so scarce in the literaturea 0K calculation of a ferroelectric will obviously not capture polar uctuations, and will instead converge to the energetic ground state -which is the classical Ising formulation. In fact, these polar uctuations increase the electrostatic potential energy, and thus it is tempting to dismiss them as unstable, or consider their occurrence only through the presence of strain or dopants. However, this picture ignores the energy stabilization a orded by entropy which compensates the energy increase from electrostatics at room temperature. We rather show that this disorder is intrinsic to ferroelectrics and can exist even in the absence of any extrinsic factors.
Thus, these results challenge the rigid classi cation of ferroelectrics into ideal and relaxor ferroelectrics [49] [50] [51] [52] [53] [54] . Polar disorder is a highly sought after component for functional systems like piezoelectrics and electrocalorics, and our study reveals a novel pathway towards engineering such disorder by relying on the thermodynamic stability a orded by increasing entropy [55] [56] [57] [58] [59] [60] . The electron microscopy based metrology techniques developed here thus allow for similar studies to be performed in other systems, even beyong ferroelectrics -allowing the electron microscope to be used not only as an imaging system, but also for atomic resolution thermodynamic quanti cation. 
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The authors declare no competing nancial interests. We obtained commercially available periodically poled single crystal congruent LiNbO 3 crystals with 6.7 m domain repetition from Deltronic Industries. The electron transparent samples were prepared by focused ion beam (FIB) using a FEI Helios G2 system with a 30keV gallium ion beam used for sample liftâĂŞout with the domain walls lying edge on. Final polishing was performed with 0.5kV ion beams till the sample became electron transparent at an accelerating of 2kV to ensure that the sample was thin enough for imaging oxygen atoms [61] . Following the preparation of electron transparent samples, we rst imaged imaged the LiNbO 3 foil with conventional TEM (CTEM) mode (see Figure 6a) , with the obtained di raction pattern demonstrating that the sample is being observed from the zone of interest -the ⟨ 1100 ⟩ (see Figure 6b) . The samples were imaged in the CTEM mode with a slight defocus (≈ 5nm) for help in locating the domain walls through di raction contrast.
Following the identi cation of the domain walls, we subsequently used STEM imaging in a FEI Titan 3 aberration corrected transmission electron microscope (TEM) corrected for upto third order spherical aberrations. Annular dark Field Scanning TEM (ADF-STEM) imaging was performed using Fischione detectors at a camera length of 145mm with an inner collection semi-angle of 32mrad, and an outer collection semiangle of 188 mrad. Bright Field Scanning TEM (BF-STEM) images were simultaneously collected with Gatan detectors with an outer collection semi-angle of 15mrad. Simultaneous BFâĂŞSTEM and ADFâĂŞSTEM imaging was performed with fast scan directions oriented at −5 • and 85 • with respect to the domain wall. The two image sets were combined and subsequently corrected post acquisition for scan drift using a previously developed procedure [62] . Based on MacTempasX simulations, tilt was not a contributing error to the LiNbO 3 polarization calculations (see Figure 17) .
B. Displacements in the Bulk Domain
Three di erent regions ( Figure 7 , Figure 8 , Figure 9 ) are shown as di erent regions of the bulk domain that were imaged. While all three are mono-domain regions, it is instructive to note that the Ising displacement itself is not entirely constant even 100nm into the domain, with the displacement demonstrating magnitude variations as seen in Figure 7a and Figure 8a . Both these regions are additionally associated with regions of Néel displacements as can be observed in Figure 7b and Figure 8b . These Néel displacements are ultimately visible in the rotation maps (see Figure 7c and Figure 8c ), demonstrating polar non-Ising components arising even in bulk domain regions approximately 100nm away from the domain wall. This variation in polar components is ultimately re ected in increased entropy. Figure 9 demonstrates a section of the bulk domain, approximately 20nm away from the domain wall. As could be observed in this section, the total Ising displacements are significantly smaller than expected, with a corresponding decrease in Néel displacements, demonstrating regions of decreased polarity embedded in the domain near the domain wall. 
D. First principles calculations
First principles calculations were done using the density functional theory approximation as implemented in the ABINIT software package (v.8.4.3) [63] [64] [65] [66] . We chose the libxc implementation of PBEsol GGA functional to describe the exchange-correlation energy contribution, and the valence electrons were teated through norm-conserving pseudopotentials obtained through the PseudoDojo project [67] [68] [69] [70] [71] . The planewave kinetic cut-o energy was taken to be equal to 50 Ha and the Brillouin zone was sampled using a 6 × 6 × 6 Monkhorst-Pack mesh of special points [72] . To determine the structure of the paraelectric R3c phase structure of LiNbO 3 , we considered a primitive 10 atom unit cell and performed a relaxation of atomic positions followed by an energy optimization with respect to changes both in lattice vectors and the reduced atomic coordinates under an imposed constraint of the xed R3c space-group symmetry , with the primitive unit cell dimensions given in Table I . The high-accuracy structural relaxation was performed until the calculated force magnitudes were less than 10 −8 evÅ, and the absolute values of stress tensor components do not exceed 10 −7 GPa. We performed density functional perturbation theory calculations (DFPT) so as to identify the unstable phonon modes (Table II) [73] .
To construct the minimal e ective Hamiltonian model we have rst computed the internal energy landscapes for all identi ed unstable modes. For this, we have performed DFT calculations of the total energy change upon gradually condensing the unstable modes into the structure. The resulting curves were tted with the 8 th order polynomials as given by Equation 1. ments involving not a single but two phonon modes allows to reconstruct the e ective mode interactions that we take here to be of the form
where x and y denote the amplitudes of the 1 and 2 modes. The interaction of local modes with strain is taken into account by tting the dependences of elastic stresses on the mode amplitudes. Finally, the elastic energy produced by the deformations of the cell shape and volume is taken into account in the harmonic approximation. The elastic constants are computed from density functional perturbation theory.
Note that in the case of the Eu mode, all the energy expansion coe cients are assumed to depend on the displacement direction in the (0001) plane, however the calculations show that such in-plane anisotropy can be safely neglected. In the described model, the short-range and long-range dipolar interactions between di erent modes are taken into account in the mean-eld approximation âĂŞ these energetic contributions essentially lead to renormalization of the and 1 2 coe cients. To determine the most important low-energy atomic displacements patterns we further performed the density functional perturbation theory calculations so as to identify low frequency phonon modes for the obtained ground state, with the obtained calculations in Table II .
E. Calculation of polar modes
The calculated polar modes for the paraelectric LiNbO 3 unit cell (Table I) are shown in Table II . As could be observed, there are four polar modes, with the A 2u mode driving ferroelectricity, while it is the degenerate E u modes that drive the non-Ising Néel and Bloch displacements. The polar phonon mode displacements are visualized in Figure 14 , which plot the individual atom displacements corresponding to the polar modes. • BF-STEM images taken at the domain wall (Figure 2,Figure 10 , Figure 11 , Figure 12 , Figure 13) • BF-STEM images taken inside the bulk domain at approximately 100nm to the left of the domain wall âĂŞ (two regions mapped as Figure 7 and Figure 8 ).
Since the average pixel size for the experimental setup is approximately 10pm, and the approximate image size is approximately 2000 × 2000 pixels, thus a representative image can visualize a 400nm 2 area.
Thus images captured at the domain wall with the domain wall centered in the image eld of view, still have approximately 10nm of the domain on either side. Entropy calculations are performed on one full image, and thus domain wall entropy measurements also include contributions from approximately 10nm of the domain on either side of the boundary.
As mentioned in section II, the individual Néel and Ising polar Nb-O displacements are calculated individually for each unit cell. On average, the BF-STEM images from our experimental conditions correspond to approximately 800 unit cells. The polar displacements at each of the individual locations were subsequently sorted into 0.1pm bins, from -50pm (minimum) to 50pm (maximum) of displacement magnitude âĂŞ both for Ising and Néel displacements with a total of 1001 × 1001 possible displacement con gurations.
Thus, if a certain unit cell corresponds to an Ising displacement of 25.386pm, and a Néel displacement of -12.456pm, it will be assigned to the bin corresponding to the displacements of 25.3 to 25.4 Ising displacements, and -12.5 to -12.4pm of Néel displacements with one unit cell corresponding to one displacement observation. Following assignment of all the observed displacements for one full image into their respective bins, the total number of observations for each bin is divided by the total observations made for the entire image. This is the probability ( ) of observing a displacement corresponding to that bin position. The entropy of displacements ( ) were subsequently calculated from the probability distributions as per Equation 3.
where is the Gibbs-Boltzmann entropy, is the BoltzmannâĂŹs constant and ( ) is the probability distribution. The term − ∑ log ( ) individually is also referred to as the Shannon information entropy. It can also be noted that the Gibbs entropy is the general form of the Boltzmann entropy equation, where the Boltzmann entropy describes the scenario where the states are degenerate and all have equal probability.
Thus, if all the states have equal probability, and there are W possible states, the probability ( ) of a state is given by Equation 4.
Thus, inserting the probability from Equation 4 in Equation 3:
= log ( )
which is the classical well-known Boltzmann entropy formula.
This process thus allows the quanti cation of the probability distribution as a function of the Ising and the Néel displacement magnitudes, allowing the measurement of the Shannon entropy from the probability distribution, and the Gibbs-Boltzmann entropy by multiplying the Shannon entropy with the Boltzmann constant.
The same procedure is utilized for calculating the theoretical entropy values. First, the probability distribution is calculated theoretically (section IV Ds), and then the probability distribution is used to generate the entropy in the vicinity of the domain wall and inside the bulk domain. Figure 2a and Figure 2b for the Ising and Néel displacements respectively. Scale bar in both images is 2nm. Potential energy was calculated with r = 4.821 [74] .
G. Calculation of charge accumulation and electrostatic potential energy
Charge calculations were performed by rst estimating the Born e ective charge tensors theoretically, with the calculated Born e ective charges presented in Table III . The calculated polar displacements from a representative bulk domain region ( Figure 7 ) and a a representative domain wall region (Figure 2 ) respectively are vector multiplied with the Born e ective charge tensors (Table III) for the niobium and oxygen atoms only, since we cannot image the lithium atoms. The divergence of this polarization is now the charge accumulation, which is presented in Figure 15 , with Figure 15a showing the charge accumulation in the bulk domain region, and Figure 15b demonstrating the charge accumulation in the domain wall vicinity.
Thus, for each image, we have a total charge distribution. Assuming that each pixel corresponds to a charge value, then 
where refers to the charge at a certain pixel, and refers to the distance between distance between the x th and the y th pixel. The term 1 /2 prevents double counting the potential energy contribution between x and y, and y and x positions. The LiNbO 3 is 4.821 [74] . The calculated electrostatic potential energy for the two regions are shown in Figure 16a for the domain, and Figure 16b for the domain wall.
H. Simulation of LiNbO 3 BF-STEM images
BF-STEM simulations of the LiNbO 3 crystal structure were performed using the MacTempasX commercial software to understand the e ect of tilt on imaging and atom position metrology, with the simulation parameters being enumerated in Table IV , with the e ect of increasing tilt being shown in Figure 17 [75] . As could be observed, the relative distance being the niobium-oxygen columns in sensitive to tilt, with the distance decreasing with increasing tilt. However, since the average Niobium-Oxygen polar Ising displacements match extraordinarily closely with the theoretical values in the domain wall gures presented in this work, tilt is not a contributing factor. Additionally, while increasing tilt would result in closer niobium-oxygen columns in the up domain, as shown in Figure 17c , it will also thus result in an increased distance in the down domain. However, the symmetric displacements observed (Figure 2, Figure 10,Figure 11 , Figure 11 , Figure 12 , Figure 13 ) would indicate this is not in fact the case. Additionally, the e ects of tilts should be global, with a constant increase or decrease in the displacement measured over the entire eld of view. This is however not the case in any of the images presented, with the changes in the Ising or Néel displacements occurring over only a few unit cells. Considering that LiNbO 3 is a brittle oxide, and a 30mrad tilt would result in enormous local stresses, it is safe to assume that it is local displacements rather than tilt which is being observed here.
